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1. The foundations of probability are based upon three statements called axioms.

(a) State the three axioms of probability. (10%)
(b) Show that the probability of the empty set is zero. (10%)

(c) For any finite sequence of events A, ..., A that are mutually exclusive, i.e. A; NA; = ¢ if
n

i #j, show that P( | J A¢) = i P(Ay). (10%)
i=1

i=1
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2. From all the possible subsets (including empty subset) of a set with N elements, two subsets A
and B are randomly and independently selected. Then find P(A C B). (Note that A can equal to
B.) (10%)
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4. An automobile insurance company has a policy that reimburses a loss up to a benefit limit of 10.
This is to say that if the loss is under 10, then the loss is fully paid. If the loss is more than 10,
then only 10 is paid. Assume that the loss of a policyholder, X, follows a distribution with the
pdf f(x) = 2x=3 if x > 1;f(x) = 0, otherwise. Please calculate the expectation of the benefit paid
by the insurance company under the policy described above. (10%)
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5. Let X be the mean of a random sample of size n = 10 from a distribution with mean p = 70 and
variance 0 = 60. Use Chebyshev’s inequality to find a lower bound for P(65 < X < 75). (10%)
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7. Let Xy and X; be two i.i.d. random variables with the p.d.f. f(x) = %, x> 0.

(a) What is the value of k if f(x) is a valid probability function? (10%)
Xj

b) WesetY; =X;+X,andY; = ———
(b) 1 1+ X2 2 X + X,

. What is the joint p.d.f. of Y; and Y,? (10%)
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8. Suppose the joint pdf of X and Y is f(x,y) = { 0 Stherwise

(a) Find the marginal pdf of X. (10%)
(b) Find E(Y|X =x). (10%)
(c) Find the correlation coefficient of X and Y. (10%)
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9. 4 X1,Xz, X3 ~ U(0,1), HIFI5 LA RiTE:

(@) #Kk P(X7; <Xz)o (10%)
(b) K P(Xy <Xz <X3)o (10%)

[bonus] Let Xj, Xz, ... be a sequence of iid U(0, 1) variables and N = min{n > 2;X,, > X,_1}. Find the
distribution and the expected value of N. (10%)
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1. The foundations of probability are based upon three statements called axioms.

(a) State the three axioms of probability. (10%)
(b) Show that the probability of the empty set is zero. (10%)

(c) For any finite sequence of events A, ..., Ay that are mutually exclusive, i.e. A; NA; = ¢ if

1 # j, show that P( O Ai> = iP(Ai). (10%)
i=1 i=1
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sol: (a) 4 S A HMEMSE BRIVAR AR 2, F it S i —Mf o-3, R P(-) : F — R —HE 7
F LR EERE, e LU =B
(1) Axiom 1. (E& 1%, non-negativity):
P(A)>0,VA €T (VACS)
(2) Axiom 2. (§F—"¥, normalization):
P(S) =1
(3) Axiom 3. (n/#rntE, countable additivity):
# A1,A2,...€e F(A1,A2,...CS), H A; ﬁAj =O,Vi#], =]

P( U Ai> =) P(A)

i=1 i=1
ARG P() Xy (probability measure), i H 5 %f (S, F,P) ik — {4 5 23 [H]
(probability space).

(b) A Aq =S,A,=A3=..=0
HIA € F (AL CS),EN, AinAj =2,Vi#j, H | JAi=SuguoU..=$

i=1

IR EOT ik (Axiom 3)

P(S) = P< U A~1> =) P(A)=P(S)+P(@)+P@)+..
i=1

i=1

:ip(@):o < P(2)=0
i=2

© 4 Ac=2,Vk>n, nkeN (A1 =An2=..=2), HAINA; =2, Vi#]j
o0 n n
A= JAavouou.. = A
i=1 i=1 i=1

PRl (Axiom 3) B P(2) = 0 A1

P( U Ai) = P( U Ai> =Y P(A)=) P(A)+ ) P(@)=) P(A)
i=1

i=1 i=1 i=1 i=n+1 i=1
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4.

sol:

From all the possible subsets (including empty subset) of a set with N elements, two subsets A
and B are randomly and independently selected. Then find P(A C B). (Note that A can equal to
B.) (10%)
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An automobile insurance company has a policy that reimburses a loss up to a benefit limit of 10.
This is to say that if the loss is under 10, then the loss is fully paid. If the loss is more than 10,
then only 10 is paid. Assume that the loss of a policyholder, X, follows a distribution with the
pdf f(x) = 2x =3 if x > 1;f(x) = 0, otherwise. Please calculate the expectation of the benefit paid
by the insurance company under the policy described above. (10%)
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5. Let X be the mean of a random sample of size n = 10 from a distribution with mean u = 70 and
variance o2 = 60. Use Chebyshev’s inequality to find a lower bound for P(65 < X < 75). (10%)

[T R#wE]
sol: HERAIAN X1, .. X10 & (1 = 70, 02 = 60), A% E(X) = 70, Var(X) = % _6
A e K A%, (Chebyshev’s inequality) 1] 4]
- - 6 19
P(65 < X < 75) :P<|X77O| <5) 21— = o=
O
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sol: i@ HANIE, Bifb P~ U(0,1), HIA X Rox—Ht 10 BRI a3
Ik BGEE AT R XIP = p ~ Bin(10,p), h® B EHEE BRI AN, PIrsRIR(E
E[E(X|P)] =E(10x P) =10 x E(P) =5
pH S RO R B BT, PR S
Var(X) = E[Var(X|P)] + Var[E(X|P)] = E[10p(1 —p)] + Var(10p)
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7. Let Xy and X; be two i.i.d. random variables with the p.d.f. f(x) = eT,x > 0.

(a) What is the value of k if f(x) is a valid probability function? (10%)

X
(b) WesetY; =X;+Xzand Y, = ﬁ What is the joint p.d.f. of Y7 and Y,? (10%)
1 2
[H S A 45 ]
sol: (a) My pdf HPHEEAg A ml 1
0o e—kx e—kx 0 1
1=, S [(k)~k!]0 oo <
Xy
(b) HY1=Xi1+Xz, Y2 = X 13 = Xi=Y1Y2, Xa=Y1(1-Y3)
gﬂ gﬁ a(léhyz) 3(15192) " un
— o= 3 3% =] i sl |- =
R s e
= fv,v, (Y1, U2) = fx,x, (Y1y2,y1(1 —y2))/d]
=e V—yil=yre ¥,y >0,0<y2 <1
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8. Suppose the joint pdf of X and Y is f(x,y) = { 0 Stherwise

(a) Find the marginal pdf of X. (10%)
(b) Find E(Y|X =x). (10%)
(c) Find the correlation coefficient of X and Y. (10%)

[BUR S
sol: (a) fx(x) :Jooe"-’ dy=[—e V] =0—(—e*)=eX x>0
RS X ~ Exp(B = 1)
fXY ) Y — —X
(b) fyx(ylx) = fx(g‘x)”) - Z_X —e W Yy >x>0
— YX=x~Exp(B=1,0=x), il M EYX=x)=0+p=x+1, x>0
(©) HRTARLERATAN Var(X) =12 =1, & ELE0M g e F ]
Var(Y) = E[Var(Y|X)] + Var [E(YIX)]
—E(1%)+VarX+1) =1+ Var(X)=1+1=2
A R AL B(YIX =x) =1 x x + 1
= 1= Ov _ ﬁ . _L
—vao_x—va\ﬁ --va—ﬁ
O
9. 4 X1,X2,X3 ~ U0, 1), %L R E:
(@ R P(Xy <Xz2)o (10%)
(b) R P(Xi < X2 <X3)o (10%)
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BRI fx s, x5 (X1, %2, %3) = i, (x1) fx, (x2) fx  (x3) =1, 0 < x1,%x2,x3 < 1, HI



[bonus]

sol:

Q

1 X3 X2
P(X; < X2 <X3) :J J J iy xoxs (X1,X2,%3) dx7 dxz dx;
0Jo Jo

1 px3 px2 1 1 1
= Tdx;dxs dxs = |=x3| =
Jo Jo Jo 1 [6 3}0

%
[#] 7
AR 1§ii:::ii:::i>>

LB A SRR Y ;
o9 2 TR R e P2 s, B |
PX; <Xo <X3) =1 %1% FxTx b= m o
(X7 <Xo<X3)=1x X?X ><§_Z \

Let X1, X3, ... be a sequence of iid U(0, 1) variables and N = min{n > 2;X;; > X;,_1}. Find the
distribution and the expected value of N. (10%)
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